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a b s t r a c t
The relationship ρL(G) ≤ ρ(G) ≤ γ (G) between the lower packing number ρL(G), the
packing number ρ(G) and the domination number γ (G) of a graph G is well known. In
this paper we establish best possible bounds on the ratios of the packing numbers of
any (connected) graph to its six domination-related parameters (the lower and upper
irredundance numbers ir and IR, the lower and upper independence numbers i and β , and
the lower and upper domination numbers γ and Γ ). In particular, best possible constants
aθ , bθ , cθ and dθ are found for which the inequalities aθ θ(G) ≤ ρL(G) ≤ bθ θ(G) and
cθ θ(G) ≤ ρ(G) ≤ dθ θ(G) hold for any connected graph G and all θ ∈ {ir, γ , i, β,Γ , IR}.
From our work it follows, for example, that ρL(G) ≤ 32 ir(G) and ρ(G) ≤ 32 ir(G) for any
connected graph G, and that these inequalities are best possible.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Let G = (VG, EG) be a simple graph of order n. A set of vertices I ⊂ VG is said to be independent if no two vertices in I
are adjacent in G. An independent set I of G is said to be maximal if no proper superset of I is an independent set in G. We
denote the cardinality of a smallest [largest, resp.]maximal independent set ofG by i(G) [β(G), resp.], called the independence
number [independent domination number, resp.] of G. A maximal independent set of cardinality i(G) [β(G), resp.] is called an
i-set [β-set, resp.] of G.
A set of verticesD ⊂ VG is said to be dominating if every vertex v ∈ VG is either an element ofD or is adjacent in G to
an element ofD . A dominating setD of G is said to beminimal if no proper subset ofD is a dominating set in G. We denote
the cardinality of a smallest [largest, resp.] minimal dominating set of G by γ (G) [Γ (G), resp.], called the domination number
[upper domination number, resp.] of G. A minimal dominating set of cardinality γ (G) [Γ (G), resp.] is called a γ -set [Γ -set,
resp.] of G.
The closed neighbourhood of a vertex v ∈ VG, denoted byN[v], is defined as the subset of all vertices inVG that are adjacent
to v in G, together with the vertex v itself. The closed neighbourhood of a set of vertices S = {v1, . . . , vm} ⊂ VG, denoted
by N[S], is simply defined as N[S] = ∪mi=1 N[vi]. The set of private neighbours of a vertex v ∈ VG with respect to some
subset S ⊂ VG is defined as PN(v, S) = N[v] \ N[S \ {v}]. An element u of PN(v, S) is either an isolate of the subgraph
G[S] induced by S, in which case u = v, or u ∈ VG \ S and is adjacent to exactly one vertex of S, in which case u is called
an S-external private neighbour of v. The set of all S-external private neighbours of v is denoted by EPN(v, S). Now a set of
verticesX ⊂ VG is said to be irredundant if every vertex v ∈ X has at least one private neighbour in G with respect toX
(that is, if PN(v,X) 6= ∅ for all v ∈ X). An irredundant set X of G is said to be maximal if no proper superset of X is an
irredundant set of G. We denote the cardinality of a smallest [largest, resp.] maximal irredundant set of G by ir(G) [IR(G),
resp.], called the lower irredundance number [irredundance number, resp.] ofG. Amaximal irredundant set of cardinality ir(G)
[IR(G), resp.] is called an ir-set [IR-set, resp.] of G.
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Finally, a set of vertices P ⊂ VG is said to be a packing of G if any two vertices u, v ∈ P have disjoint closed
neighbourhoods in G (that is, if N[u] ∩ N[v] = ∅ for all u, v ∈ P ). We denote the cardinality of a smallest [largest, resp.]
maximal packing of G by ρL(G) [ρ(G), resp.], called the lower packing number [packing number, resp.] of G.
2. Some known inequalities
For any graph G the well-known inequality chain
ir(G) ≤ γ (G) ≤ i(G) ≤ β(G) ≤ Γ (G) ≤ IR(G) (1)
holds, and is due to Cockayne et al. [3]. In view of the additional inequality chain [8, Theorem 2.13]
ρL(G) ≤ ρ(G) ≤ γ (G) (2)
relating the packing numbers of any graph to its domination number, it is natural to seek a more general relationship
between the packing numbers of a graph and any of the domination-related parameters in (1). In this paper we seek to
establish bounds on the ratios of the packing numbers to the domination-related parameters of a graph. In particular, we
are interested in establishing inequalities of the form
aθ θ(G) ≤ ρL(G) ≤ bθ θ(G) (3)
and
cθ θ(G) ≤ ρ(G) ≤ dθ θ(G) (4)
for any graph G, where θ ∈ {ir, γ , i, β,Γ , IR} =: Θ . Denote the largest (nonnegative) values of aθ and cθ [smallest values of
bθ and dθ , respectively] for which such inequalities hold for (connected) graphs by aθ and cθ [bθ and dθ , respectively]. Then
clearly aθ ≤ bθ and cθ ≤ dθ for all θ ∈ Θ . Ratios between the domination-related parameters of various classes of graphs
have been studied in [6,7,11,12].
3. Preliminary results
The following basic result is easy to prove and will enable us to establish bounds on the constants aθ , bθ , cθ and dθ in the
remainder of the paper.
Lemma 1. Let θ ∈ Θ . If ρL(G∗)/θ(G∗) = x and ρ(G∗)/θ(G∗) = y for some x, y ∈ R and some connected graph G∗, then aθ ≤ x,
bθ ≥ x, cθ ≤ y and dθ ≥ y.
Define, for any two graph parameters X and Y , the set JXY = {z | X(G)/Y (G) = z for some connected graph G}. It is
possible to relate the lower bound constants aθ and cθ , as well as the upper bound constants bθ and dθ to each other as
follows.
Lemma 2. aθ ≤ cθ and bθ ≤ dθ for all θ ∈ Θ .
Proof. By contradiction. Suppose infJρLθ = aθ > cθ = infJρθ . Then there is a connected graph G∗ such that ρ(G∗)/θ(G∗) <
ρL(G)/θ(G) for any connected graph G. In particular, ρ(G∗)/θ(G∗) < ρL(G∗)/θ(G∗), which means that ρ(G∗) < ρL(G∗). But
this contradicts (2). The proof that bθ ≤ dθ proceeds similarly. 
Let θ1 = ir , θ2 = γ , θ3 = i, θ4 = β , θ5 = Γ and θ6 = IR. Then the following growth properties hold for the constants aθ ,
bθ , cθ and dθ .
Lemma 3 (Growth Properties). (a) aθj ≥ aθk for all 1 ≤ j < k ≤ 6.
(b) bθj ≥ bθk for all 1 ≤ j < k ≤ 6.
(c) cθj ≥ cθk for all 1 ≤ j < k ≤ 6.
(d) dθj ≥ dθk for all 1 ≤ j < k ≤ 6.
Proofs of the growth properties in Lemma 3 proceed via contradiction in a fashion very similar to the proof of Lemma 2.
For example, property (a) may be established by supposing that infJρLθj = aθj < aθk = infJ
ρL
θk
for some 1 ≤ j < k ≤ 6 and
seeking a contradiction with (1).
4. The constants air , bir , c ir and dir
Given a vertex subsetX of a graph G, we say that a vertex y ∈ VG \X annihilates a vertex x ofX if ∅ 6= PN(x,X) ⊆ N[y].
This means that x has private neighbours with respect toX, but no private neighbours with respect toX ∪ {y}.
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Lemma 4. ir(Kj × Kj) = γ (Kj × Kj) = j.
Proof. Let Aj be the Cartesian product Kj × Kj. Then γ (Aj) ≤ j. To see this, arrange the j2 vertices of Aj in a j× j grid, where
each row and each column of the grid represents the vertices of a copy of the complete graph Kj. The set of diagonal vertices
of the grid is dominating, showing that γ (Aj) ≤ j.
We next show that ir(Aj) ≥ j. Suppose there is an ir-setX of Aj of cardinality at most j − 1. Then there exists a vertex
v ∈ VAj \ N[X], i.e. a vertex v in both a row and a column of the grid containing no vertices ofX. Since v is its own private
neighbour with respect toX∪ {v}, it follows that v must annihilate some vertex u ∈ X (for otherwise it would be possible
to include v inX, contradicting the maximality ofX). For v to annihilate u, it therefore follows that u cannot be isolated in
X∪{v} (otherwise uwould be its own private neighbour with respect toX∪{v}). But by the choice of v, the vertex u is not
adjacent to v, and so u must be adjacent to some vertex u′ ∈ X. Suppose u and u′ are in the same row of the grid. Then u
must have at least twoX-external private neighbours in the same grid column as u (because there are at least two rows of
the grid containing no vertices ofX). But v is adjacent to at most one suchX-external private neighbour of u, contradicting
the fact that v annihilates u. A similar contradiction follows if u and u′ are in the same column of the grid. We conclude that
ir(Aj) ≥ j.
The desired result now follows by (1). 
The above result may be used to show that no choice of positive constants air and cir validate the inequalities (3) and (4)
for arbitrary connected graphs.
Theorem 1. air = c ir = 0.
Proof. Again let Aj be the Cartesian product Kj × Kj. Then ρL(Aj) = ρ(Aj) = 1, since no two vertices of Aj are at least a
distance 3 apart. It therefore follows by Lemmas 1 and 4 that 0 ≤ air ≤ 1/j and 0 ≤ c ir ≤ 1/j for every j ∈ N. 
In 1979 Allan & Laskar [1], and Bollobás & Cockayne [2] independently established the inequality γ (G) ≤ 2ir(G)− 1 for
any graph1 G. This yields the bound bir ≤ 2 in view of the inequality chain (2), but this bound is not best possible, as we
show next.
Theorem 2. bir = dir = 32 .
Proof. We first show that dir ≤ 32 . Let G be an arbitrary connected graph and suppose S = {v1, . . . , vm} is an ir-set of
G. Furthermore, define D1 = ∪v∈S EPN(v, S), D ′1 = N[S] \ (S ∪ D1) and D2 = VG \ (D1 ∪ D ′1). Then every vertex
in D2 is at distance 2 from some vertex in S, since the existence of a vertex in D2 at a distance greater than 2 from
any vertex in S would contradict the maximality of S. Moreover, every vertex in D2 annihilates some vertex in S (for
otherwise the maximality of S would again be violated). Let Ai be the set of vertices in D2 that annihilate the vertex vi
(i.e.Ai = {u ∈ D2 | EPN(vi, S) ⊆ N[u]}) for all i = 1, . . . ,m. Also, let Ei = {vi} ∪ EPN(vi, S)∪Ai for all i = 1, . . . ,m. Then
at most one vertex in Ei can occur in any packing P of G, because no two vertices in Ei are at a distance of at least 3 apart in
G. Since
m⋃
i=1
Ei = S ∪D1 ∪D2 = VG \D ′1,
it follows that at mostm vertices in VG \D ′1 can occur in P . Furthermore, since each vertex inD ′1 sends at least two edges
to S, at most bm2 c vertices ofD ′1 can occur in P . Consequently, ρ(G) ≤ |P | ≤ m+ bm2 c ≤ 32 ir(G), and so dir ≤ 32 .
We show next that bir ≥ 32 . Let j ∈ N be even and consider a connected graph Gj of order
(
j2
2
)
+ 3j2 whose vertex set is
partitioned into four sets S,D1,D ′1 andD2, where Gj[D1] ∼= Kj × Kj, where Gj[S] comprises j2/2 disjoint copies of K2, and
where Gj[D ′1] and Gj[D2] are independent sets of cardinalities
(
j2
2
)
and j2 respectively. The graph Gj is formed:
• by means of a perfect matching between S andD1 (we also require that there exist a u ∈ S and a v ∈ D1 so that u and
v are at least a distance 3 apart; for j ≥ 4 such a pair of vertices always exists irrespective of the choice of matching —
however, for j = 2 the only matching satisfying this requirement is shown in Fig. 4.1),
• by means of a perfect matching betweenD1 andD2, and
• by finally joining each vertex inD ′1 to a different pair of vertices in S.
It is easy to see that S is amaximal irredundant set ofGj. Hence ir(Gj) ≤ j2. We next determine ρL(Gj). LetX be amaximal
packing in Gj. Since every two vertices in S are either adjacent or at distance 2 apart in the subgraph Gj[D ′1 ∪ S] of Gj, we
1 The result γ (G) ≤ 2ir(G) − 1 is sharp for arbitrary graphs. However, the result may be sharpened for certain classes of graphs (for example,
Damaschke [5] showed that γ (T ) ≤ 32 ir(T ) for any tree T , while Volkmann [11] showed that γ (B) ≤ 32 ir(B) for any block graph B).
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Fig. 4.1. The graph G2 .
have that |X∩S| ≤ 1. The subgraph Gj[D1] ∼= Kj×Kj of Gj has diameter 2, and so |X∩D1| ≤ 1. Hence there are four cases
to consider, namely the combinations |X ∩ S| = 0 or 1, and |X ∩D1| = 0 or 1.
In the case |X ∩ S| = 1 and |X ∩ D1| = 1, it follows that |X ∩ D2| = |D2| − |N[{u, v}] ∩ D1| = j2 − 2j and
|X ∩D ′1| = b(|S| − |N[{u, v}] ∩ S|)/2c = b(j2 − 3)/2c. Therefore,
|X| =
⌊
j2 − 3
2
⌋
+ 1+ 1+ j2 − 2j
= 1
2
j2 + j2 − 2j (because j is even)
= 3
2
j2 − 2j.
In the other three cases it follows similarly that |X| ≥ 32 j2 − 2j. We deduce that ρL(Gj) = 32 j2 − 2j. Hence we have, by
Lemma 1, that
bir ≥ ρL(Gj)ir(Gj) ≥
3
2 j
2 − 2j
j2
= 3
2
− 2
j
for any (even) j ∈ N. Therefore, 32 ≤ bir ≤ dir ≤ 32 by Lemma 2. 
There are infinite families of graphs for which the bound dir ≥ 32 is sharp. Consider, for example, the connected graph
Dj of order 7j comprising a cycle of order 3j with vertex set {v1, . . . , v3j} to which 2j paths, each of length 2, are joined
as pendant paths, one to each cycle vertex with index 0 (mod 3) or 1 (mod 3). (The graph D6 is shown in Fig. 4.2.) Then
ρ(Dj) = 3j (the cycle vertices of degree 2 together with the end-vertices form a ρ-set; see the triangle vertices in the figure)
and ir(Dj) = 2j (the cycle vertices of degree 3 form an ir-set; see the square vertices in the figure). Hence ρ(Dj)/ir(Dj) = 32
for all j ∈ N.
The inequality ρL(G) ≤ 32 ir(G) is, however, not sharp, unless ir(G) = 1, as we show next.
Corollary 1. Let G be a connected graph. If ir(G) > 1, then ρL(G) ≤ 32 ir(G)− 1 and this bound is sharp.
Proof. Suppose there is an ir-set of G that is also an independent set of G. Then ir(G) = γ (G) = i(G) (because this ir-set
must be maximal independent), and hence ρL(G) ≤ ρ(G) ≤ γ (G) = ir(G) ≤ 32 ir(G)− 1. Suppose, therefore, no ir-set is an
independent set of G, and consider an ir-set S of cardinality m in G. Then there exists a vertex v ∈ S that is not isolated in
G. Define D1, D ′1 and D2 as in the proof of Theorem 2. If we choose v in a maximal packing P of G, then we can select at
mostm vertices fromVG \D ′1 and at most b(m−2)/2c vertices fromD ′1 to formP (as in the proof of Theorem 2). Therefore
ρL(G) ≤ m+ b(m− 2)/2c ≤ 32 ir(G)− 1. This improved inequality is sharp for the graph D1. 
5. The other constants
The values of aθ and cθ follow immediately from Theorem 1, for all θ ∈ Θ .
Corollary 2. aθ = cθ = 0 for all θ ∈ Θ .
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Fig. 4.2. The graph D6 .
Proof. It holds by Theorem 1 that air = aθ1 = 0 and c ir = cθ1 = 0. Therefore 0 ≤ aθj ≤ aθ1 = 0 and 0 ≤ cθj ≤ cθ1 = 0 for
j = 2, 3, 4, 5, 6 by Lemma 3(a),(c). 
In 1975Meir andMoon [9] characterized those trees attaining the largest possible value of the packing number of a graph
without isolated vertices as follows.
Lemma 5 ([9]). If T is a tree of order n ≥ 2, then ρ(T ) ≤ n2 . Furthermore, ρ(T ) = n2 if and only if T is the corona of a tree of
order n2 .
The first part of the statement of Lemma 5 follows trivially via (2) from the 1962 result by Ore [10] that γ (G) ≤ n2 for
any graph G of order n without isolated vertices. However, the second (characterization) part may be used to establish the
values of dθ for all θ ∈ Θ \ {ir}. However, for this purpose we require the notion of the corona of a graph. The k-corona of a
graph G is formed by attaching a pendant path of length k to each vertex of G. The 1-corona of a graph G is merely called the
corona of G.
Theorem 3. dθ = 1 for all θ ∈ Θ \ {ir}.
Proof. Let θ ∈ Θ \ {ir}. Then it follows by (1) and (2) that ρ(G) ≤ θ(G) for any graph G and hence that dθ ≤ 1.
To show that dθ ≥ 1 for any θ ∈ Θ , we demonstrate the existence of an infinite class of graphs (the coronas of trees)
for which ρ = ir = γ = i = β = Γ = IR. We first show that ir(GH) ≥ n2 for the corona GH of a graph H = (VH , EH) of
order n2 . Suppose, to the contrary, that ir(GH) <
n
2 and consider an ir-setX of GH . For each u ∈ VH , let u′ be the end-vertex
joined to u by the formation of the corona GH of H . Then there exists a vertex v ∈ VH such that {v, v′} ∩X = ∅. Therefore
v′ annihilates some vertex x ∈ X (i.e. v′ is adjacent to all private neighbours of xwith respect toX; otherwise the addition
of v′ to X would not have compromised the maximality of X, thus contradicting the fact that X is an ir-set of GH ). Then
v′ is not adjacent to x′. But this contradicts the fact that v′ annihilates x, and we conclude that ir(GH) ≥ n2 . This result,
together with the inequality ir(G) ≤ IR(G) for any graph G and the 1981-result by Cockayne et al. [4] that ir(G)+ IR(G) ≤ n
for any graph G of order n without isolated vertices, implies that ir(GH) = IR(GH) = n2 . It therefore follows by (1) that
ir(GH) = γ (GH) = i(GH) = β(GH) = Γ (GH) = IR(GH) = n2 . If we take H to be a tree, then it follows by Lemma 5 that
ρ(GH) = n2 as well. Therefore dθ ≥ 1 for any θ ∈ Θ by Lemma 1. 
We finally turn our attention to the five remaining constants bγ , bi, bβ , bΓ and bIR.
Theorem 4. bθ = 1 for all θ ∈ Θ \ {ir}.
Proof. Let θ ∈ Θ \ {ir}. Then it follows by Lemma 2 and Theorem 3 that bθ ≤ dθ = 1. Furthermore, let Hj be the 2-corona
of the complete graph Kj. Then ρL(Hj) = j and IR(Hj) = j+ 1. Hence bIR ≥ j/(j+ 1) for all j ∈ N by Lemma 1, and so bIR = 1.
Finally, bθ ≥ bIR = 1 by Lemma 3(b). 
6. Conclusion
In this paper we have shown that the best possible constants aθ , bθ , cθ and dθ in (3) and (4) are those listed in
Table 6.1. We restricted our attention to connected graphs throughout. However, none of the proofs in this paper require the
property of connectedness. The parameters in Table 6.1 are therefore also best possible for general graphs (without isolated
vertices).
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Table 6.1
Best possible bounding constants in (3) and (4)
θ aθ bθ cθ dθ
ir 0 32 0
3
2
γ , i, β,Γ , IR 0 1 0 1
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